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Abstract
The clebsch potential approach to fluid lagrangians is developed in
order to establish contact with other approaches to fluids. Three vari-
ants of the perfect fluid approach are looked at. The first is an explicit
linear lagrangian constructed directly from the clebsch potentials, this
has fixed equation of state and explicit expression for the pressure but
is less general than a perfect fluid. The second is lagrangians more
general than that of a perfect fluid which are constructed from higher
powers of the comoving vector. The third is lagrangians depending on
two vector fields which can represent both density flow and entropy
flow.
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1
1 Introduction
1.1 Motivation
The motivation of this paper is to provided a unified approach to the various
ways that fluids are described in physics. In particular the methods used
by relativists, fluid mechanists, and nuclear physicists have grown distinct.
In many areas of physics a unified approach is provided by the lagrange
method, which for fluids is developed here.
1.2 Methodology
The methodolgy used is first to simplify a perfect fluid in order to investigate
if methods of field theory can be applied to it; and then to generalize a perfect
fluid to try and establish contact with more physical fluids.
1.3 Other approaches to fluids
A perfect fluid has a variational formulation [18, 36, 38, 39] which uses
the first law of thermodynamics. In such a formulation clebsch potentials
[10, 24, 4, 5, 17, 37, 13] for the comoving fluid vector field are used. Here
this approach is both applied to less general fluids and to more general
fluids. Other approaches to fluids include the following twelve. The first
uses lagragians dependent on combinations of clebsh potentials which do not
necessarily form a vector [34]. The second is that the comoving vector can
be thought of as Ua = x˙a, so that a perfect fluid is a type of generalization
of a point particle, then there turns out to be a fluid generalization of a
membrane [35]. The third is that the charge subsitution ∂a → ∂a+ ıeAa can
be applied to fluids as well as fields and this leads to a model of symmetry
breaking [32]. The fourth is that the navier-stokes equation has a lagrangian
formulation [8, 11, 12, 15, 40], but the lagrangian has different measure and
also image fields. The fifth is that hydrodynamics can be expressed using a
grad expansion [16, 22, 21, 14] which needs an entropy vector. The sixth is
that contemporary bjorken models use the grad expansion [7, 27, 28, 29, 20].
The seventh is fluid plasmas [3, 1]. The eighth is elastic models [2]§3, where
the density rather than the pressure is used as the lagrangian. The ninth is
other quantization methods such as brst and path integral applied to fluids
[6]. The tenth is superfluids [9]. The eleventh is spinning fluids [19, 23, 30].
The twelfth is cosmology [25], where clebsch potentials have been used.
1.4 Conventions
The word potential is disambiguated by refereing to potentials for a vector
field as clebsch potentials and potentials that occur in lagrange theory as
coefficient functions. When a measure is suppressed it is
∫ √−gdx4 not ∫ dτ
unless otherwise stated. µ is density and P is the pressure. q is a clebsch
potential. σ is used for a clebsch potential, a pauli matrix and the shear of
a vector, to disambiguate the pauli matrix is always σp and the shear labels
with which vector it is with respect to
U
σ. Capital Π indicates a momentum
with respect to the proper time τ not the coordinate time t. a, b, c, . . . are
spacetime indices, i, j, k, . . . label sets of fields and momenta, and ι, κ, . . .
label constraints. The signature is −+++.
2 The perfect fluid
For a perfect fluid the lagrangian is taken to be the pressure L = P, and
the action is
I =
∫
dx4P. (1)
The clebsch potentials are given by
hVa = Wa = σa + θsa, VaV
a = −1, (2)
where if more potentials are needed it is straightforward to instate them;
there are several sign conventions for 2. The clebsch potentials are sometimes
given names: σ is called the higgs because it has a similar role to the higgs
field in symmetry breaking using fluids [32, 34], θ is called the thermasy and
s the entropy [38]. Variation is achieved via the first law of thermodynamics
δP = nδh− nTδs = −nVaδW a − nTδs, nh = µ+ P, (3)
where n is the particle number and h is the enthalpy. Metrical variation
yields the stress
Tab = (µ + P)VaVb + Pgab, (4)
the no¨ther currents ja = δI/δqa are
jaσ = −nV a, jaθ = 0, jas = −nθV a, (5)
variation with respect to the clebsch potentials gives
(nV a)a = n˙+ nΘ = 0, s˙ = 0, θ˙ = T, (6)
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where Θ ≡ V a.;a is the vectors expansion: thus the consevation of the no¨ther
currents 5 gives the same equations 6 as varying the clebsch potentials; the
normalization condition VaV
a = −1 and 6 give
σ˙ = −h. (7)
The bianchi identity is
T ab..;b = nW˙
a + P ,a, (8)
subsituting for W using 2 and for P using 3 this vanishes identically. If
one attempts to apply existing scalar field fourier oscillator quantization
procedures to the above there is the equation
W a.;a = σ+θas
a+θs = (hV a)a = h˙+hΘ = h˙−
n˙
n
h = h
(
ln
(
h
n
))◦
, (9)
and if this vanishes the enthalpy n is proportional to the particle number n,
for an example of the see the next section §3. The pressure P and density
µ are only implicity defined in terms of the clebsch potentials so it is not
clear what operators should correspond to them. Another possibility is to
note that 6 are first order differential equations and to try and replace them
with spinorial equations; however this would require a spinorial absolute
derivative in place of the vectorial absolute derivative, see [31]§4.4.
The canonical clebsch momenta are given by Πi = δI/δq˙i
Πσ = −n, Πθ = 0, Πs = −nθ, (10)
and these allow the no¨ther currents 5 to be expressed as
jaq = ΠqV
a. (11)
The standard poisson bracket is defined by
{A,B} ≡ δA
δqi
δB
δΠi
− δA
δΠi
δB
δqi
, (12)
where i which labels each field is summed; the dirac matrix is defined by
Cικ ≡ {φι, φκ} , (13)
and the dirac bracket is defined by
{A,B} ∗ ≡ {A,B} − {A,φι} Inv (Cικ) {φκ, B} , (14)
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where Inv(Cικ) denotes the inverse of Cικ. For a perfect fluid the constraints
are
φ1 = Π
s − θΠσ, φ2 = Πθ, (15)
and the dirac matrix 13 becomes
Cικ = −ıσp2Πσ, InvCικ = +ıσp2
Πσ
, (16)
where σp2 is the pauli matrix
σp1 ≡
(
0 1
1 0
)
, σp2 ≡
(
0 −ı
+ı 0
)
, σp3 ≡
(
1 0
0 −1
)
. (17)
The dirac bracket 14 for 15 is
{A,B}∗ = {A,B}+ 1
Πσ
δB
δθ
(
δA
δs
− θδA
δσ
+Πσ
δA
δΠθ
)
−A↔ B, (18)
acting on the clebsch momenta and clebsch potentials
{Πσ, σ}∗ = −1, {Πθ, θ}∗ = 0, {Πs, s}∗ = −1,
Πσ{σ, θ}∗ = −θ, Πσ{θ, s}∗ = −1, Πσ{σ, s}∗ = 0, (19)
replacing the dirac brackets by quantum commutators there does not seem
to be an easy representation of the resulting algebra as discussed in [33]. To
quantize one replaces the dirac bracket with a quantum commutator
{A,B} ∗ → 1
ı~
[
AˆBˆ − BˆAˆ
]
, (20)
in the present case the second equation of 19 suggests that Πθ = 0, which is
assumed from now on. There is the problem of how to realize the coordinate
commutation relations in the last three of 19 which does not seem possible
using the pauli matrices 17 and so this is left for now. Suppose that Πˆσ is
replaced by a differential operator
Πˆσ = −ı~∂x, (21)
possibilities for x include spacetime coordinates xa, the particle number n
or the proper time τ which restrict σ as to a lesser extent does the dirac
operator γa∂a so the simplest choice is taken ∂σ. To proceed it is necessary
to have an explicit hamiltonian which does not exist in the present case as
the pressure P and the density µ are not directly expressible in terms of the
clebsch potentials.
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3 The explicit linear lagrangian
The lagrangian is taken to be linear in W 2a
L = −1
2
F(n, q)W 2a − ℧(n, q), (22)
where F(n, q) and ℧(n, q) are the first and zeroth order coefficient functions
of the particle number and clebsch potentials respectively. Metric variation
yields
Tab = FWaWb + Lgab = Fh2VaVb + Lgab, (23)
requiring this stress to be that of a perfect fluid places the restriction
Fh2 = nh = P + µ, or F = n
h
, (24)
again requiring that the pressure is the lagrangian and using W 2a = −h2
gives
L = P = 1
2
nh−℧ = 1
2
(P + µ)− ℧, (25)
which yields the linear equation of state
P = µ− 2℧, (26)
this is a very restrictive equation of state as it does not have even simple
cases such as P = (γ − 1)µ as examples. Variation with respect to the
clebsch potentials gives
n˙+ nΘ− ℧¯,σ = 0, ns˙+ ℧¯,θ = 0, nθ˙ − ℧¯,s + θ℧¯,σ = 0, (27)
where
℧¯q = ℧,q − 1
2
h2F,q, (28)
and 24 has been used. Using the equations of motion 27 the bianchi identities
8 become
T ab..;b =
1
2
h2Fa −
(
θ℧¯θ +
1
2
h2Fs
)
sa − nθ
(
1
n
℧¯θ
)
a
− σa℧σ − θa℧θ, (29)
for the thermodynamical case 6 and 27 give zeroth order coefficient function
℧ = nTs and then the bianchi identity reduces to Fa = 0 or n = kh,
thus what in lagrangian 22 looked like an arbitrary function F has been
reduced to a constant and this will be further considered in the next section.
Variation with respect to everything else except the particle number n gives
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the same as the implicit approach of the previous section §2. For variation
with respect to the particle number n there are three choices: the first is
to simply do it in which case, for lagrangians in which n is separated and
linear, the vectors W, V are forced to be null and the system is no longer
that of a perfect fluid, the second is to ignore variation with respect to n, for
lagrangians in which n is separated and linear this amounts to assuming a
first law of the form 3 and one is essentially working in the implicit formalism
of the previous section §2, the third is to alter lagrangians with coefficient
functions F ,℧ that depend on n, then variation with respect to n can be
chosen so that h2F,n = −2℧,n. Using 10 for n, 7 for h and 2 for V 2a the
lagrangian is
L = P = 1
2
σ˙Πσ − ℧, (30)
using 27 the hamiltonian is
H = 1
2
σ˙Πσ + ℧− θ
n
Πσ℧,θ, (31)
when ℧,θ = 0 the hamiltonian equals the density H = µ. For this explicit
form 31 it is possible to use the operator substitution 21 so that
HΨ = −1
2
ı~σ˙Ψσ + ℧Ψ = 0, (32)
taking σ˙Ψσ = Ψ˙, 32 becomes
ı~Ψ˙ = 2℧Ψ, (33)
integrating
Ψ = A exp
(
−2ı
~
∫
℧dτ
)
, (34)
this wavefunction turns out to be too restrictive to be of any use.
4 Simplest three clebsch potential fluid
The explicit linear thermodynamic lagrangian is
L = −1
2
W 2a − nTs, (35)
see the remarks after 29. Varying with respect to the potentials gives
W aa = σ + θas
a + θs = 0, sa (σa + θsa) = 0, θ
a (σa + θsa) = hT. (36)
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If these equations are thought of as functions of one variable then the second
equation gives either sa = 0 or Wa = 0 both of which are of no practical use:
therefore two variables are used specifically to seek plane wave solutions. A
simple choice is
σ = A exp ı (k0t+ k1x) , θ = B exp aı (k0t+ k1x) , s = C exp(1−a)ı (k0t+ k1x) ,
(37)
which gives
Wa = ı [k0, k1, 0, 0]K, K ≡
(
A
BC
+ 1− a
)
θs, (38)
the first and second equations of motion 36 give
(k20 − k21)K = 0, (39)
and the third gives
(k20 − k21)K =
T
aθ
, (40)
thus the system is decoupled, in other words as 39 forces it to be null the
terms in the first equation of 36 vanish separately, and by 40 the system is
at zero temperature. Working through in the same manner with the clebsch
potentials having both left and right movers, i.e. like 48, the same problems
arise and there is no indication that mixed movers can generate non-zero
temperature. Working through without the restriction that the clebsch po-
tentials are co-directional produces equations too general to proceed with.
The hamiltonian is
H = −1
2
σ˙Πσ − TsΠσ, (41)
in the present case σ˙ = h = n = −Πσ so that
H = 1
2
Πσ − TsΠσ (42)
using the substitution 21 with x = σ gives
HΨ = − ı~
2
Ψσσ + TsΨσ = 0, (43)
which has solution
Ψ = Aσ exp
(
−2ıT s
~
)
+B, (44)
which is again too restrictive.
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5 One clebsch potential fluid with two coefficient
functions
The lagrangian is taken to be
L = −1
2
F(σ)σ2a − ℧(σ), (45)
the metric stress is
Tab = Fσaσb + Lgab, (46)
P, µ, n, h are recovered in the same way as in the last section. Varying with
respect to σ
Fσ + Faσa + ℧σ = 0, (47)
which for simple F has simple spherically symmetric solutions; for wave
solutions use zeroth order coefficient function ℧ = m2σ2/2 and
σ± = A+ exp(ık · x)±A− exp(−ık · x), (48)
with σ = σ+, 47 becomes
(Fk2a +m2)σ + F ′k2aσ2− = 0, (49)
the last term forces either A+ or A− to vanish.
6 One fluid described using one vector field
In the one fluid one vector approach one hopes to find a lagrangian which
recovers as much of the stress [26]eq.22.16d as possible
Tab = (µ+ P − ξΘ)UaUb − 2η Uσab +2q(aUb) + (P − ξΘ)gab,
Sa = nsUa +
qa
T
, (50)
where µ is the density, P is the pressure, ξ ≥ 0 is the coefficient of bulk
viscosity, η ≥ 0 is the coefficient of dynamic viscosity, Uσ is the shear, q
is the heat flux, Sa and s are the entropy vector and scalar and T is the
temperature. Consider a fluid lagrangian dependent on one velocity which
can be expanded
L = L(V ) = L(V 0+, V 1, V 1+, V 2, . . .) (51)
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where
L(V 0+) = k0+P, (52)
L(V 1) = k1Θ = k1V a.;a,
L(V 1+) = k1+PΘ,
L(V 2) = k21Θ˙ + k22RabV aV b + k23ω2 + k24σ2 + k25Θ2 + k26V˙ a.;a
. . .
so that the integer superscript on the velocity V indicates the power in
which it occurs in the lagrangian, the meaning of the superscript + will
become apparent later. Here just the first three terms are considered, terms
of second or Raychadhuri order and higher are ignored, as are any auxiliary,
image, entropy or electromagnetic fields. From a technical point of view just
the first term in this expansion has been considered in the previous section
§2 and in this section the next two terms are considered. Metrical variation
gives the stress
Tab = (µ + P)
(
k0+ + k1+Θ
)
VaVb − 2k1V(a;b) + Lgab, (53)
53 does not bare much resemblance to 50 except that there is a term similar
to bulk viscosity appearing. Variation with respect to the clebsch potentials,
particularly of L(V 1), gives long expressions which are not helpful. Variation
with respect to the clebsch velocities gives the momenta
Πφ = −n (k0+ + k1+Θ) , Πs = θΠφ, Πθ = 0, (54)
and these give two constraints
φ1 = Π
s − θΠφ, φ2 = Πθ. (55)
In the present case, as the constraints 55 are the same as for the perfect
fluid, the dirac bracket between the coordinates and momenta and thus the
quantum relations are the same as for the perfect fluid as given above and
in [33].
7 One fluid described using two vector fields
If one tries to incorporate entropy by choosing it to move in the same di-
rection as fluid flow then the entropy is proportional to the enthalpy and
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s = kh and the first law becomes
δp = nδh− nTδs = −nVaδW a − nTkδh
= −nVaδW a + nTkVaδW a = −n∗VaδW a,
where n∗ ≡ (1− kT )n, (56)
so the problem becomes the same as before with the particle number n
replaced by n∗. In the one fluid two vectors approach one proceeds as before
except the clebcsh decomposition 2 is replaced by
hVa = Wa = σa + ηχa, VaV
a = −1,
ℓUa = Xa = αa + βγa, UaU
a = −1, (57)
and the first law 3 is replaced by
δp = nδh− nTδS = −nV aδWa + nTUaδXa. (58)
Metrical variation gives
Tab = nhVaVb − nTℓUaUb + Pgab, (59)
when either T or ℓ→ 0 the second term vanishes. 59 can be re-written as
Tab = (P + µ)
(
VaVb − T
hℓ
XaXb
)
+ Pgab, (60)
Two choices firstly the free case where the clebsch potential are all inde-
pendent, secondly the thermodynamic case where the clebsh potential are
chosen so that the thermasy and entropy change are non-vanishing. The
free case essentially duplicates the one vector case of the perfect fluid §2.
For the thermodynamic case choose
θ = η = β, s = χ = γ, (61)
in 57. Defining two absolute derivatives
T˙abc... = V
eTabc...;e, T
′
abc... = U
eTabc...;e, (62)
variation with respect to σ, α, θ and s gives
n˙+ n
V
Θ= 0, (nT )
′ + nT
U
Θ= 0, s˙ = Ts
′, θ˙ = Tθ′, (63)
respectively. The relationship between dot and dash derivatives is needed,
note
Xa = (α− σ)a +Wa, (64)
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thus for an arbitrary tensor Aabc... there is the relationship between the
derivatives
ℓA′abc... = (α− σ)eAabc...;e + hA˙abc..., (65)
using 65, 63 becomes
h
V
Θ −ℓ
U
Θ= (ln(nT ))
a (α− σ)a + h (ln(T ))◦ ,
s˙ =
ℓ(α− σ)asa
ℓ− Th , θ˙ =
ℓ(α− σ)aθa
ℓ− Th . (66)
In the limit that the two vectors coincide α → σ and 64 and 66 give T˙ =
s˙ = θ˙ = 0 so that the thermasy relation is not recovered unless T = 0. The
dot momenta are the same as that given by 10, the dashed momenta are
Πα(dashed) = nT, Πs(dashed) = nθT, (67)
it is necessary to convert these to dot momenta using
Πi ≡ δI
δq˙i
=
δq′i
δq˙i
δI
δq′i
=
δq′i
δq˙i
Πi(dashed) ≡ f(q)Πi(dashed), (68)
where i is not summed and f is an undetermined function of the clebsch
potentials; collecting together 10,67,68 gives the total momenta
Πσ = −n, Πα = nTf, Πθ = 0, Πs = −nθ + nθTf, (69)
and the three constraints
φ1 = Π
s − θΠσ − θΠα, φ2 = Πθ, φ3 = Πα + TfΠσ, (70)
the dirac matrix is
C12 = −Πσ−Πα, C13 =
(
−δf
δs
+ θ
δf
δσ
+ θ
δf
δα
)
TΠσ, C23 = −δf
δθ
TΠσ, (71)
the inverse InvC can be found, but there is no simplification in further
expressions.
8 Conclusion
In §2 the lagrangian approach to perfect fluids was presented, the clebsch
potentials contain more information than is needed to describe the system
so that it is constrained, dirac constraint analysis removes the superfluous
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degrees of freedom resulting in the algebra 19, see also [33], which when
quantized via 20 does not seem to lead to a recognizable algebra; also as the
pressure and density are implicit rather than explicit functions of the clebsch
potentials it is not clear what quantum operators should represent them. In
§3 to overcome lack of explicit expressions for the pressure and density an
explicit lagrangian 22 was studied, this has a very restrictive equation of
state 26, and for thermodynamic choices of the functions reduces to the
example of the next section. In §4 the simplest three potential lagrangian
35 was studied, it seems to lead to an unrealistic quantum theory 43. In §5
a one potential lagrangian 43 was studied, it is just a simple generalization
of the klein gordon lagrangian, but the generalization is obstructive enough
to prevent successful investigation of it by the fourier oscillator method. In
§6 the perfect fluid is generalized so that it depends on higher powers of
the comoving fluid, a term similar to the bulk viscosity appears and the
momentum constraints are the same as those for a perfect fluid. In §7 the
perfect fluid is generalized to include two vector fields in the hope that these
can represent both density and entropy flow, equating some of the clebsch
potentials in each vector leads to plausible thermodynamic equations 66.
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